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RESEARCH MEMORANDUM

ANATYTICAL INVESTIGATICN OF FLOW THROUGH
HIGH-SPEED MIXED-FLOW TURBINE

By Warner L. Stewart

SUMMARY

An analysis was made of the flow through a mixed-flow turbiune
designed to drive a high-speed, high-weight-flow compressor, of the
type that could be used in supersonic aircraft. The snalysis, which is
based on axlally symmetric flow, was developed from & method previously
used to predict trends of flow in mixed-flow compressor impellers to )
include an analysis of the region downstream of the rotor. Results of
the analysis indicate thet the welght flow calculated by this thrse-
dimensional method is lower than that weight flow used in the two-
dimensional design of the turbine. The resulits also indicate that
redesign of the inner wall of the rotor can provide sufficient flow
area to allow design weight flow to pass and to alleviaste the adverse
velocity and pressure gradients lndiceted in the analysis at the expense
of increased rotor blade stresses.

INTRODUCTION

The development of high-speed, high-welght-flow transonic and
supersonic compressors partlcularly for high-speed sircraft is dependent
on the proper design of turbines to drive these compressors. In order
to determine the problems Involved, a turbine was designed st the NACA
lewis lsboratory to drive a supersonic compressor that could be
installed in a supersonic aircraft.

The high rotational speed and high-welght-flow characteristic of
these compressors caused high turbine rotor blade stresses, which were
minimized by meking the rotor blades highly tapered and the anmulus ares
et each station through the rotor as small as practical from aserodynamic
considerations. The resulting turbine configuretion is of the mixed-
flow type having a high degree of insweep of the Inner well,
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S8ince no general method of designing mixed-flow turblnes is
avallable, the preliminary rotor blade design was based on two-
dimensionsl flow and the effect of the hub-shroud proflle and blede
taper was neglected. The large hub-shroud insweep and blade taper of
this turbine type, however, Indicated the need for additional informa-
tion on the effects they would have on the flow. A method 1s presented
in reference 1 for computing the flow through a mixed-flow compressor
rotor. Besed on axially symmetric flow and utilizing a numerical
golution and an iteratlion process, the method is also applicable to the
calculstion of the flow through mixed-flow turblne rotors. Good experi-
mental correletion of the analyticel results was obtained for the cou-
prossor even though lsentropic flow and axial symmetry were assumed
(reference 1). In order to determine the flow through the turbine being
lnvestigated, however, it was necessary to extend the method of
reference 1 to include the flow downstream of the rotor since the large
blade teaper and hub-shroud curvabture ceused downstream conditions which
affected the flow inside the rotor.

The investigation applies this extended method to the mlxed-flow
turbine, examines the flow conditioms indlcated by the solution, and
evaluates the method 1n regard to information not obtainable by two-
dimenslional methods,

TURBINE CONFIGURATICON

The turbine design was on a two-dimensional basis and utilized
Tree-vortex entry with zero exit whirl. For a glven turbine diameter
end weight flow per unit frontal area, there is & hub-tip ratio at which
the minimum entering relative Mach pnumber at the hub occurs. At hub-tip
retios above this point, the relative Mach number is higher because of
high axial velocltles while at hub-tlp ratios below this point the
relative Mach number is higher because of high whirl velocities., As
the weight flow per unit frontal area of the turbine is decreased this
minimum Mach number becomes lower. In this design the welght flow per
unit frontal area of the turbine was decreased until minimum relative
Mach number entering the rotor at the hub corresponding to this weight
flow per unit frontal area reached a practical limit from aerodynamic
conglderations. The hub-tip ratio corresponding to this minimum
relative Mach number was then used in the deslgn.

The hub and tip veloclity dlagrams are shown in figure 1. At the
two sectlons shown, a mean camber line was drawn to give a slight angle
of incidence and & small amount of overturning. An alrfoll was then
wrapped about sach of these mean camber lines. The cross-~sectional
area of the blaede profile at the tip was made 30 percent of that at the
root to provide largs blade taper and thereby minimlize stresses. This
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design necessitated high solidities at the root and low solidities at
the tip. A sketch of the rotor blades and the two sections used in the
design are shown 1ln figure 1. The flow passages at the two sectiomns
were made to converge toward the exit. The two sectlons were stacked
and the blade was formed by fairing in straight lines between the two
sections. 8Since the hub radius &t the inner wall was different at the
exit from that at the entrance, these two radii were jolned by a smooth
curve. The rotor blade shape was therefore determined from inlet and
exit conditions only, and the effects of the high degree of taper and
insweep of the immer wall on the flow characteristics within the rotor
were neglected.

ARATYSTS

The method of analysis used In thls report is similer to that pre-
sented in reference 1. The differential egquatlions used to compute the
velocity distribution within the rotor are the same. All symbols used
ere defined in appendix A, In order to complete the analysis of the
flow downstream of the rotor, a differentisl equation yielding the
velocity distribution downstream ls derived in eppendix B.

Assumptions. - The following assumptions were made in the method of
enalysis used in this report:

(1) The flow 1s nonviecous and compressible and the flow process
isentropilc.

(2) Axially symmetric conditions are assumed to exist throughout
the turblne flow ammulus.

(3) The flow is assumed to follow the mean camber surface of the
rotor blades, This assumption 1s valid near the bub because of the high
solidity but 1s only approximate near the tip where the solidity is low.

(4) The surfaces of the rotor blades are so nearly radial that the
radisl component of the blade force can be neglected.

(5) The rotor blade is essumed to extend to the outer wall.

(8) A wake is assumed to exist a short distance downstream of the
rotor blades so there will be no sharp change 1n flow area at the exit.
This essumption approaches the physical case and insures a smooth
streamline configuration. Because of the rapid chenge in flow area &t
the entrance to the rotor, the results of the analysls are only approxi-
mate in this region.
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Final equations. - The differential equation (8) of reference 1
must be solved to determine the varilation in velocity along an ortho-
gonal insgide the rotor. The nozzle-exit flow configuration is free-

vortex so A _ 0 and equation (8) applies. This equation 1s written

dn
as
dg _ _
E = aq_ b (1)
where

2 2 2
= Cos”B _ein® . oo - BIn7B tan o sin «
T, r r

b =2w sin B cos a + sln B tan « an sin o + gﬁ)
Appendix B gives the derivation of the differential equation which, when
solved, ylelds the varistion in velocity along an orthogonal downstream
of* the rotor. This equation (BS) is

-‘%?l = A(W)Z 3B (2)
where
“e
c

=594

Both differential equations (1) and (2) are of the form

gy =
ax t Ry =8
so the solutions of these equations are

[ew e
n n n

g=e ° qo—f be O dn (3)
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and

\jﬂn A dn :an A dn
¥ =e "o (vo)2 -\Iﬁn B e fo dn (4)
n

Q

Since v = g cos B equation (10) of reference 1 can be written as

no .
W = Zn\Jﬁ rfpgv dn (5)
n

o]

end can be used to calculate the weight flow crossing orthogonsls inside
and downstream of the rotor. The density can be computed from equation
(11) in reference 1, which is rewritten here

1
r [Jae® [ oV o 7-1
p=ppy (1+5 Kc—i) -<ci)] A (8)

Application of equations to turbine. - The application of the
preceding equations to the mixed-flow turbine was qulte similar to that
used in the enalysis of mixed-flow compressors. A plot similar to
figure 2 was first mads of the projection of the rotor and flow passage
in a meridional plane (including the axis of rotation). Superimposed
on this plot were llnes of constant r, z, @, and £. A number of
gtreamliines and orthogonals was then drawn in. At the inlet the posi-
tion of these streamlines was located so that equal weight flow incre-
ments passed between each pair. Because of free-vortex entrance condi-
tions, the axial veloclty was constant and the whirl component varied
inversely as the radius. The coefficients &, A, b, &and B wers
then determined at the intersectlions of the streamlines and orthogonals
by selecting values of r, =z, ®, &and f, measurling the slope of the
streamlines to obtain o, and calculating the radilus of curvature r..
Since KX 1is constant along a streamline downstream of the rotor, it
was calculated from condlitions et the exlt of the rotor.

The radius of curveture was calculated by means of a radometer,
which was developed especially for this type of esnalysis. The accuracy
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of this method was comparable with that obtained in the method used in
reference 1 and shortened the calculation time considerably. The _
instrument and its principles are described in appendix C. The angle B
was calculaeted from ¢ and o by the equation

tan B = cos w tan o

In the first trial %% wag neglected, For subsequent trisls, values of

this quantity were teken from the preceding trial.

Three types of orthogonal were encountered in the analysis. The
following procedures were used to find the velocity distribution along
each type: .

(a) Orthogomnal completely inside rotor. The velocitles along an
orthogonal completely inside the rotor were found by assumlng a velocity
at the hub and solving equation (3) along the orthogonal by the
trapezoidal method, The resulting velocitles were used to find p at.
each point by equation (6) and hence the weight flow by equation (5).
Various hub veloclties were assumed and total weight flow was plotted
against assumed hub veloclty. If the design weight flow could pass, the
veloclity distribution corresponding to this weight flow could be used.
In thils analysis, the choking weight flow occurred along the orthogonal
originating et A 1n figure 2 and was less than the design value.

Hence the welght flow across all the other orthogonals had to be the
seme and the corresponding velocity distribution usged.

(b) Orthogonal part inside rotor end part downstream of rotor. The
procedure for this type of orthogonel was slightly more complicated than
for the type completely within the rotor. A velocity was first assumed
at the hub, By use of equation (3), the velocity distribution along the
orthogonal was computed up to the tralling edge and E computed at this
point. The value of K had previocusly been calculated at the inter-
section of the preceding orthogonel and the treiling edge. In the case
of the first orthogonal 1including flow inside and downstream of the
rotor, the previous arthogonal was the one originating at the point A
in figure 2. A linear variation in K was then assumed between the two
points yielding values of . X for the sireamlines crossing the ortho-
gonal downstreem of the rotor. As more orthogonals were used, this
assumption becsme more accurate. By use of the velocity obtained at the
trailing edge as the lower limit of integration, equation (4) was solved
for the velocity distribution along that part of the orthogonel down-
stream of the rotor., The densities were then computed by equation (6)
and used to calculate the total weight flow by equation (5) for the
assumed hub veloclty. The process was then repeated for wvarious values
of hub velocities untill the totel weight flow checked with design or
choking value.

€92e
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(c) Orthogonal downstream of rotor. The velocity distribution
along an orthogonal downstream of the rotor was found by equation (4),
the same procedure being used as for the orthogonal inside the rotor. The
paremeter K was completely determined in the application of part (b).

The positions of the streemlines upstresm of the rotor were
determined so that equal weighit-flow increments existed between each
pair. A mew streamline configuratlon was then determined so that this
condition existed through and downstream of the rotor. The positions
of these new streamlines were obtalned by dividing the welght flow
crossing an orthogonal into the required number of weight-flow incre-
ments. Once these positions were found for each orthogonal, the new set
of streamlines was drawn and the entlre process repeated for this new
streamline configuration. The dteration procedure continued until the
weight flows between all palrs of streamlines were 1ldenticsl and the
total weight flows across all orthogonals were the same. Once the final
positions of the streamlines were known, the pressure distribution
throughout the flow field was calculated by the isentropic relation

E; = constant. The velocity and pressure distribution then could be
p

examined for possible adverse gradients and the effect of the hub-
shroud profile on the flow characteristics determined.

RESULTS AND DISCUSSION

Choking within rotor. - The high-speed turbine was designed to pass
en equivalent weight £flow of 15.3 pounds per second. However, the
analysis indicated that the rotor choked at 14.7 pounds or 96 percent of
design welght flow. This weight flow was obtained under isentropic flow
conditions with no boundary layer. TIn the actual turbine, the total
presgsure through the turbine drops because of losses and a certaln
amount of boundary-layer build-up exists which will further lower the
weight flow. This result indlcates that the design of thls type of
turbine by two-dimensionsl methods will yleld a turbine incapable of
passing the design weight flow. Because of the shape of the lmmer wall,
the area perpendicular to the flow along the choking orthogonal is
insufficlent. Xor a flxed outer dlameter the hub profile would have to
be redesigned to provide more flow area so that the desired welght flow
could be passed. In the present computation, the rotor inlet conditions
had to be chenged so that the weight flow was equal to the choking
valus. Also, the choking condition was indicated in the first trial
solution and further trials d4id not affect the choking position or
value. Hence, only one trial would be needed to determine whether or
not the design welght flow could be passged for a given turbine
configuration.
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Streamline configuration. - The streamline configuration obtained
in the analysis of the high-speed turbine 1s shown in figure 3. The
streaemlines were chosen so that 1/10 of the weight flow passed between
each palr of streemlines. Downstream of the rotor near the hub, the
distance between the streasmlines indicates that the smsll radilus of
curvature at the inner shroud and divergence of the streamlines intro-
duces adverse velocity and pressure gradients in this region. This
occurrence will be shown more clearly in the plots of the velocity and
pressure ratlos.

Locel Mach number within rotor. - The local Mach number distribu-
tlon within the rotor determined by the analysis 1s shown in figure 4.
The orthogounal where choking occurred is shown on the figure. The local
Mech number is not unity across the orthogonal but varies from subsonic
velocities near the hub to supersonic velocitlies nesar the tip.

Statlc~-pressure distribution. The static-pressure dlstribution
calculated in the anelysis is shown in figure 5. Lines of constant P,
are plotted where P, 1s defined as the ratio of statlic pressure at any
point to totel pressure at the inlet. Within the rotor, the gradients
are exactly the opposite of the veloclty gradients of figure 4. Along
the outer wall, & rapid drop 1in static pressure yields a favorable
pressure gradient. Along the immer wall, however, the statlic pressurse
reaches a minimum in the choking region. A positive pressure gradlent
then occurs along the lnner well near. the exit of the blade. This
adverse pressure gradient continues to the sherp bend Just downstream
of the rotor. Because a positlive pressure gradient induces boundary-
layer bulld-up end geparation, the analysis indicates that separation
would probably teke place and the boundary of the flow would follow a
path spproximated by the dashed line indicated In figure 5. An adverse
pressure gradient also exists along the outer well downstream of the
rotor, which indicates possible boundary-layer growth in this region.

Desgsign indications. - The results of the analysis indlcate possible
modifications of the mixed-flow turbine investigated.

(1) Within the rotor,'the lmner radius could be decreased to pro-
vide the necessary flow area to allow design weight flow to pass, which
would increase rotor blade stresses.

(2) The sharp bend just downstresm of the rotor could be smoothed
out somewhat to reduce the positive pressure gradient along the inner
wall.

(3) If the hub-tip ratio at the outlet were maintained end the hub-
tip ratio within the rotor reduced to provide more f£low area in the

reglon of choking, the sharp bend would automatically be reduced ' .-

£922
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considerably. Also, the positive pressure gradients occurring dowm-
stream of the rotor at the tip and within the rotor at the hub would be
diminished because the inner and outer walls diverge less. , The
resulting rotor blade stress would be lncreased by the incressed
annulus ares,

Evaluation of results. - Because of the assumption of axisl
symmetry, the results of the snalysis apply to the middie of the flow
passages wlthin the rotor. Along the pressure surface, the veloclties
wlll be lower than indicated by the analysis while the veloclties on the
suction surface wlll be higher. Downstream of the rotor, the results
should be representative of the whole annulus.

The results of the enalysis indicate that a design method based
solely on inlet and outlet conditlons is unsatisfactory for turbines of
this type. An asccurate study of the area perpendiculer to the flow
within the rotor should be made to insure sufficient flow srea for the
design welght flow. In & design an orthogonal could be sketched similar
to that in figure 4 and by examination of the flow area corresponding to
this orthogonal, a reasonably accurate prediction could be made as to
whether or not design welght flow would be pessed.

Differential equations (1) and (2), show why small radii of
curveture, such as that at the exit of the turbine along the inner wall,
should he avoided. The radius of curveture r, e&ppears in the
denominators necessitating large veloclty and pressure gradients along
the orthogonals when r, 1is small. If the conflguration of the inmer
wall had been designed so that r, was large, the high-pressure peak
would have been modified considersbly.

SUMMARY OF RESULTS

The results of the analysis of the mixed-flow turbine can be
summarized as follows:

1. The analysie of the mixed-flow turbine by the three-dimensional
method used in this report yields lower weight flows than those used in
the design of the turbine by two-dimsnsional methods.

2, The choking condition or the inebility of the turbine to pass
design weight flow, was Indicated 1n the f£irst trial solution. Refine-
ments made in further triels did not affect the choking welight flow to
eny extent.

3. Adverse veloclty and pressure gredlents occurred along the immer
wall of the rotor toward the trailing edge and along the outer wall just
downstream of the rotor.
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4, The relatively sharp bend in the inner wall Just downstream of
the rotor Investigated resulted 1in large velocity and pressure gradients
in this region and cen be attributed to the small radilus of curvature
that the flow must have to follow the well.

5. Redesign of the inner wall would provide sufficlent flow area to
pase design welght flow and alleviate the adverse velocity and pressure
gradients encountered in the original design at the expense of increased
rotor blade stress.

CONCLUDING REMARKS

The anslysis of the high-speed turbine presenited in this report
ylelded informetion concerning the effects of the lmmer and outer wall
profiles and blade shape on the choking weight flow, velocity end
pressure gradlents, and locatlion of probable boundary-layer build-up and
flow separation. On the basis of knowledge of these conditions, modifi-
catlon of the design can be made to alleviate undesirsble character-
istics encountered in mixed-flow turbines of this type.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronsutics
Cleveland, Chio
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APPENDIX A
SYMBOLS
The followlng symbols are used in this report:

A perameter, %—
Cc

coszﬁ _ singﬁ
r

c

K dK
B paremeter, Z[(r—z - )E}

b paremster, 2w sin B cos o + sin § tan o (2&) sin o + %)

2
a parameter, cos o - _Si:@_ﬁ tan o 8in o

c speed of sound at stagnation conditlons, :E‘t/sec

£  blade-thickness factor, 1 - i
2nr
g acceleration due to gravity, :f."t./ sec?
H  sabsolute total enthalpy, f£t-1b/lb
h static enthalpy, P£t-1b/lb
K parameter, (rw + u)r
M local Mach number
m distance along streamline in meridionsl direction, ft

number of blades
n distance along orthogonal in meridionsl plane, Ft
P ratio of static pressurs st any point to total pressure at Inlet
P static pressure, 1b/sq £t
q total velocity relative to rotor, f£it/sec
r radius measured from axis of rotation, £t

T radius of curvature of streamline proJection in meridional
plane, £t
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t blade thickness in circumferential direction, ft

u tangentlal velocity relatlve to rotor, ft/sec

v absolute velocity, ft/sec

v through flow component of veloclty, ft/sec

w weight flow, 1b/sec

Z distance along axis of rotastion, ft

o engle between tangent to stresmline in merldlonal plane and axis
of rotation, deg

B angle between relative wvelocity and component of relative velocity
elong streamline in meridional plane, deg

V4 ratio of specific hesats

A prerotation term, =r; (wry + uy)

ol static densiﬁy, slugs/cu t

P total density, slugs/cu ft

P blade angle in axlal-tangential direction, deg

W angular velocilty of turbine rotor, radians/sec

Subscripts:

i turbine inlet

o] lower limit of integration

€922
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APPENDIX B
DERTIVATION OF VELOCITY EQUATION
DOWNSTREAM .OF ROTCR
After the flow leaves the rotor, the moment of momentum is constant
along eny particular streamline. Hencs
K =1r(u+ rw)

Squaring and solving for (u + 1'0.))2

(u + Tw)2 = g (BL)

Although K 1is constant along a single stresmline, in general it varies
from one streemline to another. If the derivative of equation (Bl) is
taken with respect to n the following equation is obtalned:

am+ re)? | 2K ar | 2K &K (52)
dn

rsd.n r2 dn

Equation (B3) of reference 1 can be written for the region down-
stream of the rotor with the blade force equal to zero.

lap (waz)® o, ¥
p dn T I'c
or using equation (Bl)
!'- g'E = -KE cos o - v_z. (BS)
p dn r3 T

The total enthalpy along a streamline can be related to the inlet total
enthalpy by the equation

H=H

;-2 (A-K)
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Differentiating with respect to n . .
aE _ ~ 1 _wfdr 4K
@ " d.n'g(dn d.n) (B2)

Also, in general, at any polnt on the stresmline the total enthalpy can
be written . )

CQZn

H=h +%é ((u + 10)? 4 (v)z)

Differentiating with respect to n and noting that

dh _ 1 dp
dn pg dn .
2 2
4B _1 dp 1 (d(u + rw) . a(v) (25) v
dn pg dn = 2g dn dn

Substituting equations (B2), (B3), and (B4) in equation (BS) and noting

that for the turblne Investlgated %% = 0 and = = o,
) 2 my gy E KK
dn. r - dn 2 dn
c r
or
av?)
= A(v2) - B B6
() - av2) (36)
where
A = g—
Te

- (593 .

The differential equation (B6) when solved slong an orthogonal down-
gtream of the rotor yields the variation in wvelocity along the ortho-
gonal.
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APPENDIX C
DESCRIPTION OF PRINCIPLE AND
OPERATION CF RADOMETER

The redometer is an instrument developed to determine the radii of
curveture of contimuous curves such as the streamlines in this analysis.
Figure 6 illustrates the principle on which this instrument is based.

A smooth curve 1s represented by AB and the radlus of curvature of this
curve is to be determined at the point C. The assumption is made that
the points D and E equidistant on either side of C are selected close
enough together to exclude the possibility of inflection points or
apprecisble veariation of curvature occurring between them. TIn this
mammer, & circle with radius spproximating the radius of curvature of
the curve st C may be passed through the polnts D, C, and E.

Using the nomencleture in the figure, the following equation can
be written

sin

njo

__é
Zrc

For a given 4 +the preceding equation can be solved for T, in terms
of 8. Thus, if § 1s measured, r, can be easily calculated.

The radometer facllitates a reasongbly accurate and fast deter-~
mination of § for a given d. A photograph of this instrument is
shown in figure 7. When the radometer is in use, the point 0O 1s placed
over the point on the curve at which the radius of curvature is to be
determined. The stetionery base 1ls oriented sc that E lies on the
curve., The distance OE represents d. The arm is rotated until the
point D also lies on the curve. The angle § 1s then read and by
referring to a graph of rc against & for various values of 4 the
radius of curvature can he obtained.

As mentloned in the text of the report, this method proved to be as
accurate as the slope method. The accuracy of both methods decreases as
the radius of curvature becomes quite small or quite large.
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Figure 1.
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Figure 6. ~ Symbols used end geometric interpretation of radometef
operation.
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